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Empirical tests in discrete time random field forward
interest rate models

J. Gáll1

Faculty of Economics and Business Administration

University of Debrecen, Hungary

jozsef.gall@econ.unideb.hu

W. Peeters2

Abstract

In this paper we study forward interest rates in discrete time settings. We consider

a family of Heath-Jarrow-Morton type models, introduced by Gáll, Pap and Zuijlen,

where the forward rates corresponding to different time to maturity are driven by a

random field. In this paper we focus on the behaviour of ML estimators of the param-

eters and related financial and econometric problems. For this we present empirical

results based on simulations. These give a contribution to the theoretical financial and

statistical results derived in previous papers of the author.

Keywords. Forward interest rate, Heath-Jarrow-Morton (HJM) model, AR sheet,

market price of risk, simulations, ML estimators.

1 Introduction

Gáll, Pap and Zuijlen introduced a forward interest rate model in discrete time in [2].

Throughout different papers by Gáll, Pap and Zuijlen, e.g. [3] and [5], different variations on

this model have been suggested and investigated. No-arbitrage conditions have been studied

and statistical properties of ML estimators were also proved in these papers, in particular

asymptotic properties. However, except for Gáll, Pap and Peeters [6], no simulations were

done to support the obtained theoretical results given in these papers. This gives us the

motivation in this paper, we have developed some empirical tests and shall give some of the

important results in this paper.

1.1 The models and the no-arbitrage criterion

In the following we summarise the basics of the model. We will consider discrete time forward

interest rate models driven by random fields, that are based on an idea of Heath, Jarrow

and Morton [9], [8]. Let f(k, ℓ) denote the forward interest rate at time k with time to

maturity ℓ, where k, ℓ ∈ Z+ (where Z+ := {x ∈ Z | x > 0}). Note that we follow the Musiela

1The development of the recent form of the paper was supported by STAIR-Atlantis program, and was

mostly done during my stay at GVSU, March, 2012.
2Former student of Radboud University, Nijmegen, the Netherlands
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parametrisation (see [11]), where ℓ denotes the time to maturity. Hence, the (spot) interest

rate holding for the time period t = k to t = k + 1 is defined by

r(k) := f(k, 0), ∀k ∈ Z+.

Based on the above, the price P (k, ℓ) of a zero coupon bond at time k with maturity date ℓ

is defined by P (k, k) := 1 and

(1.1) P (k, ℓ + 1) = P (k, ℓ) exp(−f(k, ℓ − k)), k, ℓ ∈ Z+ with k 6 ℓ.

The forward rate dynamics in this paper are of the form

(1.2) f(k + 1, ℓ) = f(k, ℓ) + α(k, ℓ) + σ(k, ℓ)(S(k + 1, ℓ) − S(k, ℓ)),

where {S(k, ℓ)}k,ℓ∈Z+ is a random field and f(k, ℓ), α(k, ℓ), σ(k, ℓ) are all adapted to a

certain filtration, say, {Fk}k∈Z+. The key feature of the model is that the forward rates

corresponding to different time to maturity values can be driven by different discrete time

processes, that is, the forward rates are driven by a random field. Hence, different market

‘shocks’ may impact at the different forward rate processes. Such a generalisation of the

classical HJM type models has been proposed by Kennedy [10] in the continuous case, and

studied by e.g. Goldstein [7] and Santa-Clara and Sornette [14]. Our model is a general

discrete time counterpart of such models. For a further justification of the model and some

limiting behaviour we refer to Gáll, Pap and Zuijlen [5] and [4].

Next we recall the basics of the model. In this specific paper the forward rates corre-

sponding to different times to maturity are driven by a Gaussian type of random field, which

is built up by a system {η(i, j) | i, j ∈ Z+} of i.i.d. Gaussian random variables with mean

zero and variance one on a probability space (Ω,F , P). Suppose that the filtration Fk is

defined by Fk := σ
(
η(i, j) | 0 6 i 6 k, j ∈ Z+

)
, k ∈ Z+. Consider the doubly geometric

spatial autoregressive process {S(k, ℓ) | k, ℓ ∈ Z+} generated by

(1.3)

{
S(k, ℓ) = S(k − 1, ℓ) + ̺S(k, ℓ − 1) − ̺S(k − 1, ℓ − 1) + η(k, ℓ),

S(k,−1) = S(−1, ℓ) = 0,
k, ℓ ∈ Z+,

where ̺ ∈ R. Gáll, Pap and Zuijlen [4] have noted that Ornstein-Uhlenbeck sheets can be

considered as the continuous time counterpart of discrete time autoregression models.

Clearly

(1.4) S(k, ℓ) =

k∑

i=0

ℓ∑

j=0

̺ℓ−jη(i, j),

and hence

(1.5) ∆1S(k, ℓ) =

ℓ∑

j=0

̺ℓ−jη(k + 1, j),

where

(1.6) ∆1S(i, ℓ) := S(i + 1, ℓ) − S(i, ℓ) i, ℓ ∈ Z+.
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Using this equation one can easily check that

(1.7) cov (∆1S(k, ℓ1), ∆1S(k, ℓ2)) =
ℓ1∧ℓ2∑

j=0

̺ℓ1+ℓ2−2j .

Consequently, the covariances

(1.8) c(ℓ1, ℓ2) := cov (∆1S(k, ℓ1), ∆1S(k, ℓ2))

do not depend on k and it is clear that

1. c(ℓ, ℓ) =
∑ℓ

j=0 ̺2j for all ℓ and

2. for all ℓ > j: c(ℓ, j) =
∑j

m=0 ̺2m+ℓ−j .

Our discrete time forward interest rate curve model is defined by equation (1.2) and

hence for initial values f(0, ℓ) ∈ R, ℓ ∈ Z+, we write

(1.9) f(k + 1, ℓ) = f(0, ℓ) +

k∑

i=0

α(i, ℓ) +

k∑

i=0

β(i, ℓ)∆1S(i, ℓ), k, ℓ ∈ Z+,

where the random variables {α(k, ℓ), β(k, ℓ) | ℓ ∈ Z+} are Fk–measurable.

These are two different specifications of the above model, that has been studied in pre-

vious papers, namely Model A, the model as studied in Gáll, Pap and Zuijlen [3], and Model

B, the model as studied in Gáll, Pap and Zuijlen [5] (the ‘general case’). The models differ

in the choice for the market prices of risk structure. In Model A there is a finite set of

non-zero market prices of risk and in Model B we consider infinitely many market prices of

risk defined by two parameters. For a general discussion on the role of the market price of

risk one can consult e.g. [1]. In this paper we focus on Model A.

For Model A we suppose that in the market there is a stochastic discount factor process

{Mk : k ∈ Z+} given by M0 := 1 and

M(k + 1) := M(k)
exp

{
−r(k) +

∑J

j=0 bj∆1S(k, j)
}

E

(
exp

{∑J

j=0 bj∆1S(k, j)
} ∣∣Fk

) , k ∈ Z+.

Here the factors bj ∈ R are the market prices of risk parameters. They play an important

role in the market when determining the market prices of assets. This role is discussed in

details in [2], where the reasoning for the choice of the special form of the stochastic discount

factors is given and their relationship to no-arbitrage pricing can also be found. In what

follows we shall use the notation b = (b0, b1, . . . , bJ). In general, given J + 1 market price

of risk factors (or their estimators) the corresponding vector of them will always be denoted

by bold typeface style, i.e. we will write b̂ = (̂b0, b̂1, . . . , b̂J), or b̃ = (b̃0, b̃1, . . . , b̃J).

The price of a zero coupon bond at time k ∈ Z+ with maturity ℓ ∈ Z+ with ℓ > k is

defined by P (k, k) := 1 and P (k, ℓ + 1) := e
−f(k, ℓ−k)P (k, ℓ), that is,

P (k, ℓ + 1) = exp

{
−

ℓ−k∑

j=0

f(k, j)

}
, k, ℓ ∈ Z+ with k 6 ℓ.
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As is natural in financial mathematics, we are interested only in models where arbitrage

opportunities are excluded in the market. Therefore we take a martingale assumption: the

M(k)-discounted bond price processes {M(k)P (k, ℓ)}06k6ℓ are P-martingales for all ℓ ∈ Z+.

Under this assumption no-arbitrage property can be guaranteed, as is shown by Gáll, Pap

and Zuijlen [2]. It can be also seen from the main results of [2] that under the assumption that

the common distribution of the η(i, j)’s, for i, j ∈ Z+, is standard normal, the no–arbitrage

criterion is equivalent with

(1.10) f(k, ℓ)−f(k−1, ℓ+1)−̺(f(k, ℓ−1)−f(k−1, ℓ)) = βη(k, ℓ)+
β2

2

2ℓ∑

i=0

̺i−β

J∑

j=ℓ

bj̺
j−ℓ,

and hence

(1.11) f(k, ℓ−1)−f(k−1, ℓ) = β

ℓ−1∑

i=0

̺ℓ−i−1η(k, i)+
β2

2

(
ℓ−1∑

i=0

̺i

)2

−β

J∑

j=0

bj

j∧(ℓ−1)∑

i=0

̺ℓ+j−1−2i

for k > 1, ℓ > 1. Furthermore, we have

(1.12)

f(k, ℓ) − f(0, k + ℓ) =

k∑

n=0

[
β2

2

(
k+ℓ−n∑

i=0

̺i

)2

+ β

k+ℓ−n∑

i=0

̺k+ℓ−n−iη(n, i)

− β

J∑

j=0

bj

j∧(k+ℓ−n)∑

i=0

̺k+ℓ−n+j−2i

]

and

(1.13)

f(k, ℓ) − f(0, k + ℓ) − ̺(f(k, ℓ − 1) − f(0, k + ℓ − 1))

= β

k∑

j=1

η(j, k + ℓ − j) +
β2

2

k∑

j=1

2(k+ℓ−j)∑

i=0

̺i − β

J∑

j=0

bjq(j, k, ℓ)

for k > 1, ℓ > 1, where

(1.14) q(j, k, ℓ) =

{∑j−ℓ

n=0∨(j−k−ℓ+1) ̺n for j > ℓ

0 otherwise.
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2 Research questions and MC tests

In Gáll, Pap and Zuijlen [3] the maximum likelihood estimator of the parameters involved

in the model is studied. Because the log-likelihood function is too complicated, one cannot

hope to get explicit solutions for the estimators of the parameters. However, in spite of the

lack of formulae for the estimators, the authors showed some nice asymptotic properties of

the estimators, namely, consistency and asymptotic normality.

We develop Monte Carlo (MC) tests for analysing the behaviour of the ML estimators.

There are many questions that might arise naturally, here we mention some of them. One

can test the behaviour of the parameter estimates. Having in mind the proved statistical

properties it is still interesting to check how the estimator perform depending on the sample

size, or in case of small sample size, or it is also interesting whether the lack of explicit

formulae for the estimators give any numerical difficulty or problem.

We shall use two methods to estimate the parameters based on MLE:

1. estimating everything at once numerically (Method 1), or

2. with the help of the estimations of Method 1, we can re-estimate some parameters

again based on some specific equations of the model. Namely, we have a reduced

system of equations for the market risk parameters, see (4.10) in [3]. Based on these

equations, the method we studied uses the estimation of β and ̺ obtained in Method

1, to re-estimate bJ . With the help of the estimations of β, ̺ and the new estimation

of bJ , we estimate bJ−1. In a similar way bi can be estimated with the help of the

estimations of β, ̺ and the new estimation of bj for all j ∈ {i + 1, ..., J} (Method 2).

We considered both methods for generated data and compared the result to see which

method would provide us with the best estimation of the parameters and we also checked

the speed of convergence for the different parameters. Note that the careful choice of the

initial values in the estimations is also important.

Not only goodness of fit, but also model selection problems can be important from a

practical point of view. One can first analyse the behaviour of the estimators by assuming

that J is known. However, it is important to find some tools to choose the appropriate

model and hence to find also the value of J when it is not known. For this information

criteria may help among other methods. We shall use Akaike’s Information Criterion. We

run simulations as above for different numbers of market prices of risk and we choose the

value of J with the help of Akaike’s Information Criterion.

Note that the above questions are important from a financial point of view. Since the

choice of model, the estimations used all have a great impact on any financial application of

the model, such as pricing assets or estimating the risk of them, calculating VaR and other

risk measures, etc.

The simulations

All simulations have been written in R [13], a free software environment for statistical

computing and graphics. The scripts are built up as follows. For the simulations that use
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generated data we build a sample from the no-arbitrage models and using the true values

of the parameters (where f(0, ℓ) = 0.03 for all ℓ ∈ N). The log-likelihood function is

calculated as a function of the unknown parameters (see [3]). The function calculated above

is optimised using the R function ‘optim’. ‘Optim’ is a general-purpose optimisation based

on Nelder-Mead [12]. In most of the cases we generated a sample of size 400 for the MC.

3 Estimation of all parameters for known J

3.1 Joint estimations, initial values

We estimate all parameters for generated data within Model A. For this we defined J = 1, so

we have to estimate β, ̺, b0 and b1, which we defined to be ̺ = 0.9, β = 0.2 and b0 = b1 = 0.5

(these parameters may not be to realistic, but they are only used to discover the influence

of the different initial values of the estimators. We will estimate these parameters for both

methods as stated above. For the optimisation method we use in our program, we need

to define some initial values for β̂, ̺̂, b̂0 and b̂1. Giving the parameters the true value as

an initial value is not realistic, because we assumed that we do not know the true values

of the parameters. First suppose that we give the estimations all an initial value of 1.

The calculations show that for small sample sizes the result are fairly good, but e.g. for

(K, L) = (100, 30) the results for the market prices of risk are not so good any more. The

results are shown in table 1, where for all unknown parameters estimated by both methods,

the different columns show the mean of the estimations (=mean), the standard error of

the estimator (=SE), the average mean difference (=AMD, which gives the average of the

relative absolute difference of the estimator and the true value, relative to the true value,

%), the mean of the left-bound of the 95% confidence interval (=LBCI) and the right-bound

of the 95% confidence interval (=RBCI). From our simulations we saw that for large sample

sizes, the results for b̂0 and b̂1 are fairly bad, especially for the results of Method 1: the true

value of b0 and b1 do not belong to the calculated 95% confidence interval for b̂0 and b̂1. This

is because for an initial value of 1 for all parameters, the program finds for larger sample

sizes (sometimes) a different maximum for the log-likelihood function. The estimations for

β and ̺ are still good, but the estimation of b0 and the estimation of b1 are not sufficiently

good. If we estimate b̂0 and b̂1 with Method 2, the results are much better, but still not

satisfactory. For comparison reasons, we showed in table 2 the results for K = 10 and L = 3.

The reason that the results above are not good is that we took the initial values for β̂, ̺̂,
b̂0 and b̂1 equal to 1. This value is not so close to the true values of β, ̺, b0 and b1 and hence

the program has trouble finding the global maximum for large values of K and L, because

there are different maxima lying closely together for large K and L. The smartest choice for

the initial values for β̂, ̺̂, b̂0 and b̂1 is to take some values that are close to the true value of

β, ̺, b0 and b1. Since we assume that we do not know the precise value of these parameters

we let the initial values be equal to 0.6. The results for (K, L) = (100, 30) are denoted in

the table 3. As one can see, the results (especially for b0 and b1) are definitely better.
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Model 1 Model 2

β̂ ̺̂ b̂0 b̂1 b̂0 b̂1

mean 10−1 1.9887 9.0058 14.931 2.0027 5.1855 4.9058

SE 10−3 2.7841 1.4899 832.38 539.49 126.54 93.877

AMD 10−1 12.012 1.3950 2161.9 1061.0 203.67 150.73

LBCI 10−3 193.90 897.88 1124.4 4.2685 296.67 294.58

RBCI 10−1 2.0384 9.0328 18.618 3.9627 7.4042 6.8658

Table 1: The results for the estimation of the parameters for (K,L) = (100, 30), when the initial

values of β̂, ̺̂, b̂0 and b̂1 are all equal to 1.

Model 1 Model 2

β̂ ̺̂ b̂0 b̂1 b̂0 b̂1

mean 10−1 1.9476 9.0475 5.2819 4.9604 5.2639 4.9149

SE 10−2 2.0940 3.7733 44.050 3.1830 44.225 31.422

AMD 8.5558 3.3704 70.644 50.961 70.725 50.389

LBCI 10−1 1.4610 8.7844 -2.1225 -1.2376 -213.66 -1.2832

RBCI 10−1 2.4342 9.3106 12.686 11.159 12.664 11.113

Table 2: The results for the estimation of the parameters for (K,L) = (10, 3), when the initial

values of β̂, ̺̂, b̂0 and b̂1 are all equal to 1.

Model 1 Model 2

β̂ ̺̂ b̂0 b̂1 b̂0 b̂1

mean 10−1 1.9977 9.0014 5.1101 4.9199 5.0637 4.9296

SE 10−3 2.3675 1.3532 136.98 97.762 136.98 97.500

AMD 10−1 9.6659 1.2283 216.91 151.91 220.06 152.59

LBCI 10−1 1.9478 8.9743 2.8960 2.9599 2.8537 29.696

RBCI 10−1 2.0476 9.0285 7.3242 6.8799 7.2737 6.8896

Table 3: The results for the estimation of the parameters for (K,L) = (100, 30), when the initial

values of β̂, ̺̂, b̂0 and b̂1 are all equal to 0.6.

3.2 Speed of convergence

As argued above, not all initial values for β̂, ̺̂, b̂0 and b̂1 provide us with good estimations of

the unknown parameters. To make our simulations as realistic as possible, we changed the

true values of the estimators in such a way that the generated sample (generated with the

help of equation (1.11)) does not contain too much drift. For this, we have to restrict the

influence of the second and third term on the right hand side of the equation (1.11). This

is done by choosing small values for β, ρ and b. In the following simulations we defined

the known parameter J = 1, and the unknown parameters β = −0.002, ρ = 0.03 and

b = (0.1, 0.1). Furthermore, we set the initial values for β̂, ̺̂, b̂0 and b̂1 equal to 0.05.

Table 4-7 gives the results obtained for β̂, ̺̂, b̂0 and b̂1 by Method 1 and table 8 and

7



(K,L) mean SE AMD LBCI RBCI

10−3 10−5 10−1 10−3 10−4

(10,3) -1.1463 154.88 464.73 -1.6301 -6.6240

(20,6) -1.9397 48.183 73.867 -2.1921 -16.874

(30,9) -1.9832 8.1692 33.620 -2.1505 -18.159

(40,12) -1.9960 6.1265 24.679 -2.1223 -18.698

(50,15) -1.9990 4.7696 19.268 -2.1002 -18.978

(80,24) -1.9990 3.2910 13.288 -2.0622 -19.358

(100,30) -1.9982 2.4134 9.5810 -2.0488 -19.476

Table 4: The table for β as obtained by Method 1. The values must be multiplied by the factor

that is written above the results.

9 shows the results obtained for b̂0 and b̂1 by Method 2. As one can see, the results for

β are very good (except for the very small sample (K, L) = (10, 3)). The same is true

for ρ, although the standard error is still relatively large. After running a lot of different

simulations we discovered that the program gives better estimations of ρ for larger values of

ρ. Comparing the different tables for b, we see that the estimations done by Method 2 are

better than the ones done by Method 1, although the SE and AMD are somewhat larger.

We conclude that Method 2 is the better method for estimating the unknown parameters b.

(K,L) mean SE AMD LBCI RBCI

10−2 10−2 10−4 10−2

(10,3) 2.3822 18.042 479.76 -3279.4 37.558

(20,6) 3.6437 8.6429 235.50 -1417.0 21.457

(30,9) 3.5072 6.2559 168.96 -839.02 15.405

(40,12) 2.7505 4.2760 117.19 -618.40 11.685

(50,15) 2.8458 3.8199 98.858 -430.30 9.9945

(80,24) 3.4051 2.2548 62.402 -106.42 7.8744

(100,30) 3.5291 1.9082 55.572 -4.6491 7.1046

Table 5: The table for ̺ as obtained by Method 1. The values must be multiplied by the factor

that is written above the results, e.g. by 10−2.

We also studied the convergence of the parameters β̂, ̺̂, b̂0 and b̂1 for both methods

and put them in a plot. We estimated the parameters for sample sizes (Kn, Ln), where

Kn := K ∗ n and Ln := L ∗ n for K = 10, L = 3 and n ∈ {1, ..., 13}. We run the test

25 times. The results for β are shown in figure 1. The results of the other parameters are

shown in figures 2-5.

4 Estimation of all parameters when J is unknown

Let us suppose now that we do not know the number of market prices of risk that are

involved, but we know that there will not be more than a certain number, say Jmax, of

8



(K,L) mean SE AMD LBCI RBCI

10−2 10−2 10−1 10−1

(10,3) 8.3073 25.227 190.83 -5.5747 7.2362

(20,6) 5.9999 19.724 142.62 -3.8722 5.0721

(30,9) 7.4935 12.771 94.995 -2.8673 4.3660

(40,12) 6.6056 11.854 87.036 -2.4664 3.7875

(50,15) 6.5651 8.0524 64.748 -2.1301 3.4432

(80,24) 6.5401 7.0014 55.540 -1.5473 2.8553

(100,30) 5.7984 6.7598 53.159 -1.3879 2.5476

Table 6: The table for b0 as obtained by Method 1. The values must be multiplied by the factor

that is written above the results, e.g. by 10−1.

(K,L) mean SE AMD LBCI RBCI

10−2 10−2 10−1 10−1

(10,3) 6.2264 27.426 203.49 -5.5754 6.8207

(20,6) 6.9207 17.189 125.74 -3.6906 5.0748

(30,9) 7.0451 14.253 103.33 -2.8739 4.2830

(40,12) 6.8769 12.019 91.029 -2.4113 3.7867

(50,15) 6.8210 9.8457 74.099 -2.0898 3.4540

(80,24) 7.1511 10.069 77.578 -1.4762 2.9065

(100,30) 7.5965 6.2191 46.707 -1.2004 2.7196

Table 7: The table for b1 as obtained by Method 1. The values must be multiplied by the factor

that is written above the results, e.g. by 10−1.

(K,L) mean SE AMD LBCI RBCI

10−2 10−2 10−1 10−1

(10,3) 11.089 32.833 256.97 -5.4284 7.6511

(20,6) 8.4132 24.443 196.31 -3.6812 5.3638

(30,9) 11.040 16.976 134.42 -2.5455 4.7535

(40,12) 8.8920 15.630 123.42 -2.2586 4.0370

(50,15) 11.290 12.743 100.69 -1.6820 3.9402

(80,24) 10.675 11.129 89.762 -1.1494 3.2845

(100,30) 8.6732 9.9718 76.474 -1.1095 2.8442

Table 8: The table for b0 as obtained by Method 2. The values must be multiplied by the factor

that is written above the results, e.g. by 10−1.

market prices of risk involved.

We have run tests for this case. We have generated date, where we have assumed that

the number of market prices of risk involved equals 2 (so J = 1) and that we know that there

are not more than 4 market prices of risk involved (Jmax = 3). Furthermore we assumed

that the original values were ̺ = 0.06, β = −0.001 and b0 = b1 = 0.5. We have run the
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(K,L) mean SE AMD LBCI RBCI

10−2 10−2 10−2 10−1

(10,3) 7.6970 33.362 269.60 -54.284 6.9678

(20,6) 10.908 22.157 178.22 -32.919 5.4735

(30,9) 10.415 19.216 157.02 -25.370 4.6199

(40,12) 10.669 16.394 135.90 -20.321 4.1659

(50,15) 11.186 13.372 107.10 -16.533 3.8905

(80,24) 9.4455 12.420 100.60 -12.468 3.1359

(100,30) 10.605 9.8986 77.229 -8.9950 3.0205

Table 9: The table for b1 as obtained by Method 2. The values must be multiplied by the factor

that is written above the results, e.g. by 10−1.
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program 200 times for each different case. We need to define some initial values for β, ̺, b0

and b1. For this case, we let the initial value be equal to 0.01.

The tests worked as follows. For all j ∈ {0, 1, ..., Jmax} we calculated b0, b1, ..., bj ,̺ and β.

With the help of two forms of the Akaike Information Criterion, namely AIC and AICc, and

with the help of the log-likelihood function (LLF ) we decide which number of market prices

of risk was the most probable. Note that AIC is calculated in the well known way, whereas

AICc is a modified version of AIC for finite sample sizes, namely AICc = AIC + 2k(k+1)
n−k−1

,

where n is the sample size ans k is the number of parameters estimated. The results for

the different sample sizes are stated in table 10. Because of the small true values of the

unknown parameters, the influence of the market prices of risk is small (see also the third

term on the r.h.s. of equation 1.11). Hence, Akaike IC has trouble finding the right value for

J , especially for small sample sizes. The larger the sample sizes, the larger the probability

of Akaike IC finding the right number of market prices of risk involved. For the cases where

Akaike returned the right value of J , the estimation of the unknown parameters is similar

to the one described in Section 3.2. During our calculations we discovered that the larger
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the number of market prices of risk involved, the smaller the probability of the program

finding the right number of market prices of risk involved. We remark that the sample sizes

considered in table 10 are relatively small compared to the value of especially K that is used

in practice and because of this the probability of a good result is much higher in practice

than in the simulations for the relatively small sample sizes.

AIC AICc LLF

(K, L) P mean SE AMD P mean SE AMD P mean SE AMD

10−1 10−1 10−1

(10,3) 0.375 0.455 9.9646 40.25 0.435 0.290 9.5943 44.50 0.265 2.085 8.7269 56.75

(20,6) 0.655 0.850 7.6184 21.50 0.665 0.820 7.4860 21.00 0.255 2.245 8.3574 62.25

(30,9) 0.740 1.090 6.8134 16.50 0.735 1.075 6.8683 16.75 0.270 2.165 8.2534 58.25

(40,12) 0.810 1.265 6.3782 14.25 0.815 1.255 6.2605 13.75 0.280 2.220 8.5748 61.00

(50,15) 0.795 1.250 5.8241 13.50 0.795 1.245 5.7150 13.25 0.295 2.250 8.8397 62.50

(80,24) 0.850 1.250 6.2406 12.50 0.850 1.250 6.2406 12.50 0.250 2.410 8.6350 70.50

(100,30) 0.850 1.245 6.1389 12.25 0.850 1.245 6.1389 12.25 0.180 2.570 7.7983 78.50

Table 10: Column 1: sample size. Column 2, 6, 10: the probability that the program will find

the right J . Column 3, 7, 11: the average value of J found by the program. Column 4, 8, 12: the

standard error of the J that the program found. Column 5, 9, 13: the AMD for the true value of

J and the value the program found. The values must be multiplied by the factor that is written

above the results.

For one run for (K, L) = (150, 45) all results are shown in table 11. The initial values of

the parameters are the same as above.

J AIC AICc LLF β̂ ̺̂ b̂

104 104 104 10−4 10−2 10−2

-1 -7.5291 -7.5291 -3.7648 -9.8880 7.4276 —

0 -7.5328 -7.5328 -3.7667 -9.8599 7.4392 (51.174)

1 -7.5365 -7.5365 -3.7686 -9.8911 6.9320 (47.474, 51.035)

2 -7.5363 -7.5363 -3.7688 -9.8939 6.4625 (47.685, 50.844, 6.4423)

3 -7.5361 -7.5361 -3.7687 -9.8910 7.6835 (47.121, 50.207, 5.6178, 2.0654)

Table 11: The result for (K,L) = (150, 45).

5 Value at risk estimation

The choice of the model and the goodness of the estimator play an important role, since any

quantity based on the model can be sensitive to these. In this section we consider value at

risk (VaR) of bonds, a very widely used risk measure and we shall test the sensitivity of VaR

to the change of the parameter values and to the choice of the model (i.e. J). We only show

a few specific results.

First we will consider the impact of small changes in the parameters on the value at risk.

Suppose that β = −0.002, ̺ = −0.1, J = 1 and b = (0.2, 0.2). We will consider the following

cases for the VaR.

1. The parameters have the values as stated above.
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2. The parameters are all as above, except for β. Here we suppose that β = −0.0018.

3. The parameters are all as above, except for ̺. Here we suppose that ̺ = −0.12.

4. The parameters are all as above, except for b. Here we suppose that b = (0.4, 0.4).

The program that tests the VaR works as follows: we suppose that we have a sample

S of forward interest rates for (K, L) = (20, 12) for which β = −0.002, ̺ = −0.1, J = 1

and b = (0.2, 0.2). With the help of the parameters as described in 1-4 above (of which

we assume that we found them by the method described in Section 3), we calculate 20000

times a sample S ′ of the same size as S (so (K, L) = (20, 12)), where for the initial values of

the forward rates, f(0, ℓ) ∈ S ′, ℓ 6 L, we took f(K, ℓ) ∈ S (the ‘last’ values of the original

sample). With the help of this samples, we calculate the VaR for the four different cases.

Suppose that we agree to sell a zero coupon bond with initial value 1000 at t = 40 (t = 0

is the time of the first observation in the sample S, t = 20 is the last time of observation in

the sample S and the first time point of sample S ′, whereas t = 40 is the last time point of

sample S ′), for the expected value of the bond at that time. The value of the bond at time

t = 40 is equal to 1000 ∗
∏T−t−1

i=0 exp(−f(t, i)) (where f(t, i) = f(20, i) ∈ S ′). By running

the program 20000 times we calculated the estimation of the expected value of the bond at

time t = 40. We have done this for 3 different bonds, namely bonds with maturities T = 45,

T = 50 and T = 52. With the help of all the obtained data we can calculate the relative

value at risk. The results are denoted in table 12-14.

Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 856.59 15.450 46.854 35.821 24.952 19.647

β = −0.0018 856.45 13.963 41.312 31.341 22.761 17.958

̺ = −0.12 856.43 15.260 43.797 34.704 24.772 19.498

b = (0.4, 0.4) 855.84 15.403 46.536 35.595 25.247 19.388

Table 12: The relative VaR for the different cases for T = 45.

Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 734.4049 18.680 56.052 42.206 30.278 23.850

β = −0.0018 734.3674 16.808 51.514 37.857 27.333 21.339

̺ = −0.12 734.2231 18.364 54.036 41.215 29.967 23.677

b = (0.4, 0.4) 733.7966 18.524 56.128 41.977 30.359 23.628

Table 13: The relative VaR for the different cases for T = 50.

Now we will consider a different case. Suppose that we have a sample S created with the

same initial parameters as above. We will now do the same things as above for

1. The parameters have the values as stated above.
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Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 690.59 19.240 57.103 43.037 30.814 24.649

β = −0.0018 690.51 17.296 51.916 39.052 27.940 21.953

̺ = −0.12 690.35 18.782 56.097 42.402 30.330 24.232

b = (0.4, 0.4) 690.01 19.049 54.896 42.972 31.137 24.158

Table 14: The relative VaR for the different cases for T = 52.

2. The parameters above are estimated assuming that J = 1 and everything is calculated

as above for these estimated values. The estimations: β̂ = −1.9475 ∗ 10−3, ̺̂ =

−0.10118 and b̂ = (0.15147,−0.25859).

3. The parameters above are estimated assuming that J = 2 (for the wrong num-

ber of market prices of risk) and everything is calculated as above for these esti-

mated values. The estimations: β̂ = −1.9566 ∗ 10−3, ̺̂ = −7.776234 ∗ 10−2 and

b̂ = (0.15649,−0.25120, 0.13219).

The results are denoted in table 15-17.

Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 857.59 15.303 45.826 35.360 25.037 19.794

Estimated parameters for J = 1 857.79 14.972 44.681 34.395 24.555 19.041

Estimated parameters for J = 2 858.21 15.353 44.690 34.939 24.990 19.649

Table 15: The relative VaR for the different cases for T = 45.

Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 736.09 18.423 54.983 41.512 29.866 23.473

Estimated parameters for J = 1 736.49 18.014 55.435 41.041 29.412 23.020

Estimated parameters for J = 2 736.58 18.522 54.106 42.166 30.068 23.721

Table 16: The relative VaR for the different cases for T = 50.

Bond price Relative Value at Risk

mean SE 99.9% 99% 95% 90%

True parameters 692.47 18.961 55.932 42.693 30.664 24.224

Estimated parameters for J = 1 692.83 18.635 57.217 42.722 30.116 23.570

Estimated parameters for J = 2 692.94 19.059 54.522 42.967 30.798 24.287

Table 17: The relative VaR for the different cases for T = 52.
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6 Speed of convergence figures
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7 Concluding remarks

In this paper we considered forward interest rate models proposed by Gáll, Pap and Zuijlen

[2]. We studied the behaviour of the ML estimators and their consequences.

We saw that the estimators relatively work well in a numerical sense, and also the speed

of convergence was satisfactory, except for the market price of risk parameters under small

sample size. Note that one can hope to have a relatively large sample size in practice, since
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the necessary financial data are available with a great frequency. The choice of the initial

values for the parameters are crucial.

There are different methods for obtaining the ML estimators of the market price of risk

parameters. The method using the specific equations of the model works better.

For model selection problems the AIC type of criteria gave a relatively promising per-

formance, hence it can be an interesting theoretical problem to show asymptotic results for

AIC.

Sensitivity of VaR of bonds were tested in a few examples to show the role of model

selection and careful estimation procedure.

These results can give a good contribution to the theoretical results considered by the au-

thor and several co-authors, G. Pap, M. van Zuijlen, W. Peeters, in other (also forthcoming)
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papers. Note that the preliminary work for the development of these test and the framework

of the tests were done in cooperation with W. Peeters. Therefore it is my intention to use

these results and similar tests to be run in the future to help the development of further joint

research of mine with the colleagues (co-authors) mentioned above, and publish the results

in joint papers.
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